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mstraint on Steady State Qutput Imposed by Zeros at s = 0 and Servo Synthesis Using
Unstable Weight

Sergio B. VILLAS-Boas*, Kang-Zhi Liv* and Tsutomu MITA**

'hen an MIMO plant has zeros at s = 0,

it will be shown that this imposes a constraint on the steady state output

he plant. In the control design using unstable weight, the structure of unstable weight can not be selected freely in
case. The required structure is exposed in this note. We then propose a particular generalized plant structure for an

mal servo design such as the one using H.. control.
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1. Introduction

an MIMO plant has zeros at s = 0 such as in 5),
well known that this imposes a constraint on the
e of unstable dynamics of the controller. In this
r revisit this issue from a new standpoint, i.e. to
he constraint on the steady state output of the
ie to this unstable zera. This, in tracking prob-
plies that the reference is not free and is subject
ictural constraint. This study is necessary in the
sign using unstable weight. It will be shown that
able weight must also satisfy a structural con-
1 this case.

0 propose a structure of generalized plant for op-
sign. The Extended Hoo control®:*) can be ap-
lesign a controller for asymptotic rejection of step
1ce or reference tracking.

station Gy denotes the transfer matrix z — y.

mt zero and steady state output
istraint

) be an nth order plant of dimension n, x Ty

a stabilizable and detectable realization is

A, | B
:[p p]_ -
Cp| O
it loss of generality, it can be assumed that B,
olumn rank and G, has full row rank. The plant
ros at s = 0, ny, > n. > 1. So there exist a full

matrix V = [ Vi Vs ], rank(V) = n,, that
he equation below.
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steady state constraint, structural constraint on unstable weight

(”u)
@) [ %] {2_%4_0 (2)

Due to the stabilizability of (Ap, B,), Va must be full

row rank.
Assumption 1. The reference input and/or persis-
tent disturbance are step signals. 0
Proposition 1.  For the plant given above, the fol-
lowing statements hold.

(i) the steady state output y(co) of the plant must satisfy
the constraint

Va y(oo) =0 (3)

when P(s) is stabilized by feedback control.

(i) The step reference input r can be tracked asymptoti-

cally only if r € Ker V5.

(4ii) The step output disturbance d can be rejected

asymptotically only if d € Ker V5. [
Proof. (i) Owing to Assumption 1, it can be proved

that &,(c0) = 0 holds in steady state so that

0= Apz,(00) + Byu(oo)
y(o0) = Cpzp(c0).
By (2) we have

(% % ][0 seor T

A4, B, xp(c0) :l

:[Vl V2] Cp 0 u(00)

=:0: (4)
This leads to Vs - y(ec) = 0.
(i1) Since y(oo) = r, it follows from (3) that V2 r =
Vz y(o0) = 0.
(#17) The disturbance is added to the output, so y(t) =
Cpz(t) + d. Then, following the proof of (7), we obtain
Vay(o0) = Vad. Therefore, y(co)} = 0 is possible only if
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3. Servo design using unstable weight

Let us consider the asymptotic rejection of step output
disturbance of P(s). For reference tracking problem, just
take the tracking error as the plant output and the rest is
the same. A useful way of doing this in the framework of
optimal control is to use unstable weight at output y, as
Ws shown in Fig. 1.

W of (5) is the general form for a transfer matrix hav-
ing integrator dynamics only, and Tw is a design param-
eter and is to be determined. If fine tuning is required,
extra stable weight can be added behind Ws and the re-

sults of this note are not affected.

0., | T
Wi =L, = | Sl Tw | (5)

s Tore| B
Assumption 2. Ty has full rank. [

Note at this stage, it is not clear whether Tw should
have full row rank or full column rank and how many
rows Tw should have. This is to be determined so that
a control system that rejects disturbance asymptotically

can be synthesized by using the unstable weight.

tn'

Fig.1 Generalized plant structure

4. Determination of Ty

4.1 Main result

The key idea of using unstable weight in the design
is to ensure asymptotic disturbance rejection by compre-
hensive stability ' ®. That is, to guarantee y(c0) = 0 by
G:w(s) € RHe. The following proposition gives the re-
quirement on the unstable weight in order to realize this
purpose.

Proposition 2. Let Tw be an n; x n, constant ma-
trix and suppose there exists a controller K (s) stabilizing
P(s) internally. Let V, be the matrix in equation (6).
Further, let y(t) be the response of P(s) to the step out-
put disturbance d € Ker V5. Then the statements (i) and
(é2) below are valid.
(1) To guarantee y(co) = 0 by G.yu(s) € RHeo, V, must
be nonsingular.
(1) If G.,u(8) € RHo and V, is nonsingular, then
y(o0) = 0.

(n)
%=[iéJ(m) (6)
Tw (n1)

Proof. In both (¢) and (i7) it is assumed that
Gryw(s) € RHo. So, we investigate the condition for
this. As the closed loop system (P, K) is internally sta-
ble, the generalized plant of P with respect to exogenous
input w and controlled output 2z (Fig.1) must be com-
prehensively stabilizable ', One of the comprehensive
stabilizability condition requires that the unstable poles
of Ws, which are not observable from y, be controllable

from u. The transfer matrix u — 2o has a realization as

below
Ay 0 | B,
WsP(s)= | TwC, 0., | 0 |- (7)
0 Ll o0

We need only to find the controllability condition of this

realization at s = 0. This requires

rank J(0) =n+mn (8)
where
A 'B
gigp=| 2 9,5 | (9)
TwC, 0 0

Suppose 3 9 = [n1 2] # 0 such that n V, =0, i.e.
mVa = —maTw.

Obviously 7z # 0 since otherwise 71 = 0 would follow
from m V2 = 0, which contradicts the assumption 5 # 0.

So we have

BN FO

= [ mWr mVa ]

Ap 0 Bp
G5 0 0

=0. (10)
This means that if ¥}, does not have full row rank, at
least a pole of Ws at s = 0 is not controllable. Therefore,

G:aw(s) € RHoo is possible only if V;, has full row rank.
Now, suppose G, (s) € RHoo. Since

1 1
Gz2w(3) = ;TWGyw = TWGyw X gIﬂur
the response y(t) of any output step disturbance vector
satisfies
Tw - y(o0) =0 (11)

in steady state. According to proposition 1, Vay(co) =
Vad = 0. So,

{'%]vaL- (12)
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holds. Then, y(co) = 0 is guaranteed only if V, has full
column rank. This proves (7).

Suppose Gzyw(s) € RHoo. Then, it has been already
shown in the first part of proof that (12) holds. Since

V, is nonsingular, y(co) = 0 follows immediately. This

proves (7). ‘ |
Remark 1. As V, is nonsingular, it follows that the
number of rows of Tw must be n1 = ny, — n;. il
Remark 2. In the controller design, a good starting
point to tune Tw is to choose it satisfying the relation
Tw L Va. 1

4.2 A generalized plant

If other specifications are required, one needs only
to add extra exogenous input and controlled output to
the plant P. An example of mixed sensitivity prob-
lem is shown in Fig.1, where the case of plant having
additive perturbation is considered. The stable weight
Wr = {Ar,Br,Cr,Dr} is used to model the bound of
additive perturbations. The realization of the generalized

plant of Fig.1 is given by

= i s (13)
0 Cr 0 0 ‘ Dy
0 0 In, e 0
Cp 0 0 0

The comprehensive stabilizability of this generalized

plant requires that 1.2,

A1)  There should exist no eigenvalues of A both un-
controllable from u and unobservable from y.

A2) Among the unstable eigenvalues of A, those un-
controllable from u (resp. unobservable form y) should
be invariant zeros of G2 (resp. Ga1)

A3) [BY DZL]T should be full column rank and
[C2 D21] should be full row rank.

This is verified below. ‘

Al) The only unstable and unobservable modes of
(Co, A) are eigenvalues of As = 0n,, which are con-
trollable in (A, Bs) if Tw is chosen as in Proposition 2.

A2)  Sincefor YT =[00 —I], V¥ =Tw

Rl
[Yf’ YzT] ll—As[YF 0]

Ca Dan

holds, the eigenvalues of Ag are invariant zeros of
Go = {A, B]_,Cz,Dzl}.

No.6 June 1998

A3)  Since B, has full column rank and C; has ful

row rank, this is automatically satisfied.
5. Example

Consider the plant below.

—T1 7kg)_ O ktl 0

k1 0 —k2| 0O 0

P= 0 —k2 —m| 0 ka (14)
1 0 0 0 0
0 0 1 ‘ 0 0

This plant has n, = 1 zero at s = 0 and the zero vecto

is

V:[WLV2]=[(] 1 0 —k k2] (15)

Following Proposition 2 and Remark 2, we choose Tw

as
Twz[kg ks ] (16)

So, the output weighting function is given by

0|k &
W5=[ 2 1

110 0 an

6. Conclusion

We have shown that the zeros at s = 0 imposes a con
straint on the steady state output of the plant. Due tc
the existence of this zero, the output unstable weight usec
in the servo synthesis must also be subject to a structura
constraint. The constraint on the output unstable weigh
is also exposed.

If the constraint on the output weighting function is sat
isfied, one can use Extended Hoo control theory to desig:
a controller achieving asymptotic tracking and/or distur

bance rejection.
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